We consider mainly the series Y^,Ylajk sin 2 x sin 2 y , which converges to a finite function f(x, y) a.e. if ¿~2J2ajk < oo . We show that the (Lebesgue) integrability of x~ly~l f(x, y) over the two-dimensional torus is essentially controlled by the quantity E~-i ££, (£,°!m ¿ZZn ¿jk)"2 • °ur result is an extension of the corresponding one by M. C. Weiss [4] from onedimensional to two-dimensional lacunary sine series.
Introduction
First we consider the double sine series =\ k=l then series (1.1) converges a.e. For the reader's convenience, we sketch a proof here. Denote by smn(x, y) and amn(x,y) the rectangular partial sums and the arithmetic means of series (1.1) with the vacant terms replaced by zeros. It is well known (see, e.g. [5, Vol. 2, p. 308] ) that the double sequence crmn(x, y) converges a.e. to the finite function f(x, y), which corresponds to series (1.1) by the two-dimensional Riesz-Fischer theorem, owing to (1.3). On the other hand, by lacunarity, (mj+x-mj)(nk+x-nk)smjnk ='«i+1»t+1^rMw.1-'«i"t+1iBrMw.,
-fnJ+xnkam^_Xnk_x+mjnkomrXrnk_x (we omitted x , y for brevity). Hence, given any e > 0, ('-ä('-^|s"""'(;t'')-/<x,y)l£4£
and, by (1.2),
if j and k are large enough, provided omn(x, y) converges to f(x, y). By what we have said above, it follows that sm " (x, y) converges to f(x, y) a.e. It remains only to observe that in our lacunary case this is equivalent to the a.e. convergence of smn(x, y). Remark 1. Without proof we note that a converse statement is also true. More precisely, if series ( 1.1 ) converges on a set E of points (x, y) of positive planar measure, then (1.3) is satisfied. This can be verified by applying a generalized version of Lemma 1 in §4 below, when the left-hand side of (4.1) is replaced by //. The methods described below clearly apply to multiple lacunary trigonometric series, and the extension of the results to the ¿/-multiple case, where d > 3 is an integer, is straightforward. However, we consider only double series in order to keep the notation manageable.
Main results
Our goal is to study the integrability of x y f(x, y) over T+ in the particular case when ( .3) (by virtue of Theorem 1), but also that of (2.6) and (2.7) (by virtue of the theorem of M. C. Weiss cited above). And this time the converse is also true. In fact, if conditions (2.6) and (2.7) are satisfied, then we conclude (2.4) and (2.5), and in turn, we can apply Theorem 2 to deduce (2.2) from (2.3). Thus, we have the following characterization.
Corollary. Assume that condition (1.3) is satisfied, f(x, y) is the sum of series (2.1), the gk(x) are the sums of the row series, and the h Ay) are the sums of the column series of (2.1). Then (2.2) is a necessary and sufficient condition for the simultaneous fulfillment of the integrability conditions (2.3), (2.6), and (2.7).
These results can be considered as the extension of the theorem of M. C. Weiss [4] from one-dimensional to two-dimensional lacunary sine series. The proofs also make use of some ideas occurring in [1, pp. 32-33]. This is also bounded if (2.2) holds.
In an analogous way. we deduce that Collecting (4.10) and (4.11) yields (4.9) to be proved.
Proof of Theorem 2
We use the notation introduced in (3.1). By Lemma 1, Here we took into account estimates (3.2), (3.4), (3.5), and (5.1). By assumption IMN is bounded, so (5.2) contradicts (5.3). Consequently, (2.2) must be satisfied.
